
MATH2R3 - TUTORIAL 1

Problems:

(1) Let S = {s1, . . . , sn} be independent in V , and x /∈ span(S). Show that S ∪ {x} is
independent.

Proof. Suppose that

ax + a1s1 + . . . + ansn = 0.

First we will show that the coefficient a is 0. If it were not, then we would have

ax = −(a1s1 + . . . + ansn)

=⇒ x = −1

a
(a1s1 + . . . ansn)

=⇒ x = −a1
a
s1 + . . . +

−an
a

sn,

contradicting the fact that x /∈ span(S). So a = 0. Now we see that

0 = ax + a1s1 + . . . + ansn = a1s1 + . . . + ansn.

Since S is independent, and a1s1 + . . . + ansn = 0, this shows that each coefficient
ai = 0. Hence we have shown that if a linear combination of the vectors in S ∪ {x}
is zero, then all of the coefficients must be zero. This is the definition of independence.

Remark. Why can we not immediately conclude that a1, . . . , an are all zero from the
equation ax + a1s1 + . . . + ansn = 0?

�

(2) Let F [0, 1] be the vector space of functions f : [0, 1] → R. Find an uncountable in-
dependent set in F [0, 1].

Proof. To construct an uncountable independent set, we need an uncountable set
S ⊂ F [0, 1] for which every finite subset is linearly independent.

Remark. What does this mean in the space F [0, 1]?

Suppose that the set is indexed by c ∈ [0, 1]. That is, S = {fc : c ∈ [0, 1]}, where
each fc : [0, 1]→ R. This means that for every finite subset of S, say fc1 , . . . , fcn, if

a1fc1 + . . . + anfcn = 0,
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Then each coefficient ai = 0. Remember that F [0, 1] is a space of functions, so 0
here is the zero function, i.e. 0: [0, 1] → R defined by 0(x) = 0. So when we write
a1fc1 + . . . + anfcn = 0, what we mean is that for every x ∈ [0, 1], we have

a1fc1(x) + . . . + anfcn(x) = 0(x) = 0.

Back to the proof:

For any c ∈ [0, 1], let fc be the function defined by

fc(x) =

{
1 if x = c

0 if x 6= c
,

and let

S = {fc : c ∈ [0, 1]}.
S is uncountable and independent. Indeed, suppose that {fc1 , . . . , fcn} is a finite

subset and

a1fc1 + . . . + anfcn = 0.

Then evaluating at x = c1 shows that

a1fc1(c1) + . . . + anfcn(c1) = 0(c1) = 0.

By how these functions were defined, we have fc1(c1) = 1, and for each k 6= 1,
fck(c1) = 0. So we see that

a1fc1(c1) + . . . + anfcn(c1) = a1,

and hence
a1 = 0.

We can apply the same argument to each function fck . When we evaluate at ck,
we see that the coefficient ak = 0.

This shows that all coefficients are 0, and so {fc1 , . . . , fcn} is independent. Since
this was an arbitrary finite subset, this shows that every finite subset is independent
and hence S is independent.

Remark. The vector space F [0, 1] is huge. Even though we have found an uncount-
able set of independent vectors, they don’t even come close to spanning the whole
space. Think about what the span of S is.

When a vector space is infinite dimensional (we will see examples of important
infinite dimensional spaces), the idea of a basis from finite dimensions is not useful.
What we need to do is make sense of convergence of infinite sums in a vector space,
so that we can try to come up with a countable set of vectors that we can use to
represent each vector.
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(3) Let P be the vector space of all polynomials. For each n ∈ N, show that there is an
independent set of size n.

Proof. Let n ∈ N and let S = {1, x, x2, . . . , xn−1}. Suppose that

a0 + a1x + . . . + an−1x
n−1 = 0.

Again, as in the previous question this means that the polynomial f(x) = a0 + a1x+
. . . + an−1x

n−1 is constantly zero. If one of the coefficients a1, . . . , an−1 is non zero,
then the polynomial f(x) has some positive degree, and we know that a polynomial
of degree k has at most k roots. Since f has infinitely many roots, each coefficient
a1, . . . , an−1 is zero. So f(x) = a0. Since f(x) is constantly zero, this shows that
a0 = f(x) = 0, and hence every coefficient is zero. Thus {1, x, . . . , xn−1} is an
independent set of size n.
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